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Abstract
By using the brick wall method we calculate the free energy and the entropy of the scalar eld
in the rotating black holes. As one approaches the stationary limit surface rather than the event
horizon in comoving frame, those become divergent. Only when the eld is comoving with the






) those become divergent at the event horizon. In the Hartle-Hawking
state the leading terms of the entropy are A
1
h
+B ln(h)+finite, where h is the cut-o in the radial











By comparing the black hole physics with the thermodynamics and discovering of the black hole









in unit h = c = G = 1. In Euclidean path integration approach it was shown the tree level contribution
of the gravitation action gives the black hole entropy[3]. However the exact statistical origin of the
Bekenstein-Hawking black hole entropy is unclear.
Recently many eorts have been concentrated to understand the statistical origin of black hole
thermodynamics, specially the black hole entropy by various methods (for review see [4]): 't Hooft
was calculated the entropy of a quantum eld propagating the outside of the black hole. After the
regularization he obtained S = 1=4A
H
(the brick wall method) [5, 9, 10, 11]. Another approach is
to identify the black hole entropy with the entanglement entropy S
ent
. Entanglement entropy arises
from ignoring the degree of freedom of a proper region of space: S =  Tr ln. It is found that
the entropy is proportional to the area of the boundary[6]. In fact the entanglement entropy and
the brick wall method are equivalent. Frolov and Novikov argued that the black hole entropy can be
obtained by identifying the dynamical degrees of freedom with the states of all elds which are located
inside the black hole[7]. The leading term of the entropy obtained by those methods is proportional
to the surface area of the horizon. However the proportional coecient diverges as the cut o goes to
zero. The conical approach also gives similar result with others[8]. The divergence is because of an
innite number of states near the horizon, which can be explained by the equivalence principle [12].
An alternative approach by Frolov is to identify the black hole entropy with the thermodynamic one.
In this approach the entropy is nite[13]. However they all treat the only spherical symmetrical black
hole.
If the black hole has a rotation, what is changed ? It is well known that in a rotating black hole
spacetime a particle with a zero angular momentum dropped from innity is dragged just by the
inuence of gravity so that it acquires an angular velocity in the same direction in which the black
hole rotates. The dragging becomes more and more extreme the nearer one approaches the horizon of
the black hole. This eect is called the dragging of inertial frames[25].
Thus the eld at equilibrium with the rotating black hole must also be rotating. The rotation
is not rigid but locally is dierent. So the velocity of the radiation does not exceed the velocity of
light. However we do not know how to treat the equilibrium state with a locally dierent angular




small than or equal to the extremum value of the local rotation. In a rotating black
hole the extremum value of it is 

H
, which is the angular velocity of the event horizon.
Recently we considered the black hole entropy by the brick wall method in the charged Kerr black
hole in[14] and showed the entropy is proportional to the event horizon in Hartle-Hawking states. In
2
this paper to more deep understand the black hole entropy we shall investigate the black hole entropy
by the brick wall method in various stationary black holes: the Kaluza-Klein black hole [15] which is
the solution of the 4-dimensional eective theory reduced from the 5-dimensional Kaluza-Klein theory,
and the Sen black hole[16] which is the solution of the Einstein-Maxwell-dilaton-antisymmetric tensor
gauge eld theory came from the heteroitic string theory, and the Kerr-Newman black hole[17] which
is the solution of the Einstein-Maxwell theory.
In order to understand the equilibrium state of the radiation (the eld) in the rotating black hole
spacetime in Sec.2 we will rst consider the rotating heat bath in the at spacetime. In Sec.3 we
will consider the radiation in equilibrium state in Rindler spacetime with rotation, which is the most
simple spacetime having the event horizon and a rotation. In Sec.4 we will investigate the entropy of
the quantum eld in the stationary black hole background. We nd the condition to give the nite
value to the free energy and the entropy. In Sec.5 we calculate the entropy in Hartle-Hawking state
for the rotating black holes. Final section is devoted to the summary.
2 A Rotating Heat Bath
Let us consider a massless scalar eld with a constant angular velocity 

0
about z axis at thermal
equilibrium with a temperature T = 1= in Minkowski spacetime, of which line element in cylindrical





















where q denotes a quantum number and m is the azimuthal quantum number.
































where g(!;m) is the density of state for a xed ! and m.





small.) and at r = L. In the WKB approximation with  = e
iS(r) i!t+im+ikz
the radial wave number
K(x; !;m) = @
r
S is given by
K
2










This expression denotes the ellipsoid in momentum phase space at a xed frequency !. The total
number of modes with energy less than ! and a xed m is obtained by integrating over the volume of
3










































The integration over k must be carried out over the phase space that satises K
2
 0.  (!;m) can
be obtained by investigating the shape of the expression (5) in momentum phase space. Thus the free









































where we assume that the azimuthal quantum number m is a continuous parameter. By making the

















where N is a constant and v = r

0
. Note that as L goes to 1=

0
this partition function diverges as

4





From the expression (8) it is easy to obtain expressions for the energy E, angular momentum J ,





















































These coincides with those in ref.[23]. Similarly to the free energy F these expressions J; E; and S
diverge as L ! 1=

0
. The divergence is related to the rigid rotation. In rigid rotating system the
velocity of the comoving observer grows as one move from the origin to innity. So beyond some point
the velocity exceeds the velocity of the light. This is unphysical. Thus a rotating system cannot have
the size greater than 1=

0


































where we have used 
0
=    

0



































) is the density of state for a xed !
0
. In WKB approximation the Klein-Gordon equation






























. In region where 

0
r < 1, for a xed !
0
, this expression represents the ellipsoid in


























































which is the volume of the ellipsoid. The expression (16) is just the same form as Eq.(6) when
! ! !  m

0
. The phase volume (17) diverges as L! 1=

0
. Inserting the expression (17) into (13)






















This expression is the same with Eq(8). From this we get the energy E
0





























































= E   

0
J . This fact show that the coordinate transformation to comoving frame
only change the energy and not change the entropy in WKB approximation. Thus in the case of
calculating the entropy or the free energy it is convenient to choose the comoving frame. It is noted
that in co-moving frame the divergence is related to the time component g
tt
of the metric (12).
3 A Thermal Bath in Rindler Spacetime with a Rotation
In this section we will consider the thermal equilibrium state of the scalar eld with the mass  and
an uniform rotation about z axis in the Rindler spacetime. The line element of the Rindler spacetime
5
















In this spacetime the event horizon is at  = 0, and  = constant represent the trajectory of the
uniform acceleration[18]. The importance of the Rindler space-time is that in the large black hole
mass limit the metric of the black space-time reduces to that of the Rindler space-time[10].




























S. In this section we will calculate the free energy by using the slightly
dierent method with that in section 2.
It is important to note that in WKB approximation the density of state g(!;m) is determined by
the constraint (22), and that the free energy is singular at ! = m

0




the free energy becomes an imaginary number. However in the WKB approximation we can easily
see ! = !  m

0
> 0 in the region such that    

0




it is possible that !  m

0
< 0. ( More details are in Sec.4.) Therefore to obtain the nite value for
the free energy we must require the system to be in the region such that    

0
r > 0. Then the free














































where we have integrated by parts and assumed that the quantum number m is a continuous variable.













































































The integrations over m and p
r


























































































































































































It is noted that the thermodynamic quantities F;E, and S are divergent as  ! 

0
r rather than the
event horizon. Only in 

0
= 0 case the divergence occurs at the horizon  = 0. Such a fact can be





















































. In this spacetime the event horizon is at  = 0. In addition to the event
horizon there is a stationary limit surface at  = 

0
r, where the Killing vector @

becomes null. That
surface is the elliptic hyper-surface[19]. In the interval 0 <  < 

0
r, the Killing vector is spacelike.
We can also show that the entropy in the co-moving frame is the same form with Eq.(30). These facts
imply that the divergence of the thermodynamic quantities is deeply related to the stationary limit
surface in the co-moving frame rather than the event horizon.
4 A Entropy of a Scalar Field in a Rotating Black Hole
4.1 General Formalism
Let us consider a scalar eld with mass  in thermal equilibrium at temperature 1= in the rotating



































. The metrics, we concern, of the Kaluza-Klein, the Sen, and the Kerr-Newman

























as one approaches the horizon. Another property is that there are two important surfaces (the event
horizon and the stationary limit surface), and the two surfaces does not coincide. On the stationary
limit surface the Killing vector 












is the angular velocity of the horizon.










	 = 0; (35)
where  is an arbitrary constant.  = 1=6 and  = 0 case corresponds to the conformally coupled























where g(E ; m) is the density of state for a given E and m.
To evaluate the free energy we will follow the brick wall method of 't Hooft [5]. Following the brick
wall method we impose a small radial cut-o h such that





denotes the coordinate of the event horizon. To remove the infra-red divergence we also
introduce another cut-o L r
H
such that
	(x) = 0 for r  L: (38)
It is noted that the brick wall is spherically symmetric. In the WKB approximation with 	 =
e
 iEt+im+iS(r;)



































S, and V (x) = R(x) + 
2
. In WKB approximation it is important to note




and m. The number of mode with
energy less than E and with a xed m is obtained by integrating over p

in phase space.

















































The integration over p





In this point we need some remarks. In a rotating system, in general, there is a superradiance
eect, which occurs when 0 < E < m

0
. For this range of the frequency the free energy F becomes
a complex number. In case E = m

0
the free energy is divergent. Therefore to obtain a real nite
value for the free energy F , we must require that E > m

0





















< 0. In this region E  m

0
>, so the free energy is a nite real value.
It is easily showed as follows. Let us dene E = E  m

0


















































































































, one can see the condition




























Therefore in the region such that  g
0
tt
> 0 ( called region I) the free energy is a real, but in the
region such that  g
0
tt
< 0 (called region II) the free energy is complex. However in the region I the
integration over the momentum phase space is convergent. But in the region II the integration over
the momentum phase is divergent. These facts become more apparent if we investigate the momentum







= E for a given E are located












































which is the ellipsoid, a compact surface. Here p

= m. So the density of state g(E) for a given E is
nite and the integrations over p
i
give a nite value. But in the region II the possible points of p
i
are












































which is the hyperboloid, a non-compact surface. So g(E) diverges and the integration over p
i
diverges.
In case of g
0
tt





































which is elliptic paraboloid and also non   compact. Therefore the value of the p
i
integration are
divergent. Actually the surface such that g
0
tt
= 0 is the velocity of the light surface (VLS). Beyond
VLS (in region II) the co-moving observer must move more rapidly than the velocity of light. Thus we
will assume that the system is in the region I. ( For the possible region I see Sec. 4.2.) For example,
in the case of 

0
= 0 the points satisfying g
0
tt
= 0 are on the stationary limit surface. The region
of the outside (inside) of the stationary limit surface corresponds to the region I (II). In the rotating
system in Sec. 2 the region I is r < 1=

0
and r > 1=

0
corresponds to the region II. In the Rindler
spacetime with a rotation  > 

0
r corresponds to the region I, and  < 

0
r to the region II.














































where we have integrated by parts and we assume that the quantum numberm is a continuous variable.











































In particular when 

0
= 0 and non-rotating case g
t
= 0, the free energy (49) coincides with the
expression in ref.[5, 11] and it is proportional to the volume of the optical space in the limit V (x) = 0
[20]. It is easy to see that the integrand diverges as r
H




In that case the contribution of the V (x) can be negligible.

















































 is the reciprocal of the local Tolman temperature [30] in the comoving frame.
This form is just the free energy of a gas of massless particles at local temperature 1=
local
.
From this expression (50) it is easy to obtain expressions for the total energy U , angular momentum
J , and entropy S of a scalar eld






















































































































In this section we study where is the possible region I for three black hole, the Kaluza-Klein, and the
































case the position of the light of velocity surface is exactly found. In
such a case g
0
tt



























































































































































. From this we can see that there are two VLS.
One is the horizon (r = r
H






































































which is an open, roughly, cylindrical surface. As v ! 1 or a ! 0 the VLS become more distant,









vanish. For  = 0 it is always that g
0
tt
< 0 for r > r
H








case: In this case g
0
tt
= 0 is a fourth order polynomial equation in r for a given .
The region I corresponds to r
in
< r < r
V LS
. At  = =2 r
in
is between the stationary limit surface
and the event horizon, and at  = 0 r
in
contacts with the event horizon. Actually the inner VLS r
in
11
















While, the outer velocity of light surface locates at the very far distance from the horizon, and it is a






. For the position of the inner VLS see Fig.2.






: The extreme black hole for the Kaluza-Klein black




. In this case the inner horizon and outer horizon are at the same place. At


























which shows that the possible region such that g
0
tt
< 0 does not exist at  = 1=2. Therefore in the
extreme black hole case it is impossible to consider the brick wall model of 't Hooft.




























































































































































































. Then the exact position of the inner VLS and









































which is an open, roughly, cylindrical surface. As a! 0 the VLS goes to the innity, and it disappears
when a = 0. As  or a is increasing the VLS approaches the horizon. At  =
1
2
, similarly to the
Kaluza-Klein black hole, g
0
tt









case: In this case g
0
tt
= 0 is also a fourth order equation in r for a given . Similarly
to the Kaluza-Klein black hole the region I is r
in
< r < r
V LS




horizon, and at  = =2 r
in
locates at the between the stationary limit surface and the event horizon.














it coincides with the
event horizon. The outer velocity of light surface, in case of small a, locates at the very far distance
from the horizon, and it is a roughly cylindrical surface.






: The extreme black hole for the Kaluza-Klein black























x (x+ 2 cosh 2) (65)
which shows that the possible region such that g
0
tt
< 0 does not exist at  = 1=2. Therefore in the
extreme black hole case it is impossible to consider the brick wall model of 't Hooft.













case we can exactly nd the position of the light of velocity surface.
In such a case g
0
tt





















































































































































=M . Then the exact position of































which is an open, roughly, cylindrical surface. For  = 0 it is always that g
0
tt
< 0 for r > r
H
. As
a ! 0, r
V LS






it approaches the event horizon. See Fig.5. The
inner VLS r
in







case: In this case, similarly to other black holes, the inner VLS r
in
approaches to
































































r = M for
1
2











The second case corresponds to the extreme black hole that is slowly rotating and has many charge.
(In this case e >
p
3=2M  0:866M). In particular in case of e 
p
3=2M ( a = M for e = 0) the
horizon and the light of velocity surface are at the same position. Therefore in case of the extreme
black hole with a  1=2M it is impossible to consider the brick wall model of 't Hooft.
5 The Entropy in the Hartle-Hawking Vacuum
The Hartle-Hawking vacuum state is one that the angular velocity 

0
is equal to that of the event
horizon, and the temperature  is equal to the Hawking temperature, where the Hawking temperature




















Here  is the surface gravity of the horizon.






. In this case, as stated in Sec.4, the possible region
I is r
H
< r < L < r
V LS
. The outer brick wall must locate inside the outer VLS. This fact was
already pointed out by Frolov and Thorne [26] to remove the singular structure of the Hartle-Hawking


































= (r   r
H
)G(r; ), where G(r; ) is a non-vanishing function at r = r
H
except the extremal case.
( We can not consider the extreme black hole case.)

















































. Since D(r; ) and G(r; ) are non-vanishing functions at r = r
H
we can expand
it about r = r
H
as follows.























































































































which show that generally, in addition to the linear divergence term in h, there is a logarithmic one
in the case of rotating black hole. If we written the free energy in terms of the proper distance cut-o





























































However the proper distance cut-o is dependent on the coordinate , which is the general property
of the rotating black hole.














+B ln(h) + finite

; (82)










The entropy S is linearly and logarithmically divergent as h ! 0. The divergences arise because the
density of state for a given E diverges as h goes to zero.

































The entropy of a scalar eld in Hartle-Hawking state diverges quadratically in 
 1
as the system
approaches the horizon. Or it diverges in h
 1
and ln(h). In case a = 0 our result (85) agrees with the
result calculated by 't Hooft [5] and with one in ref.[21]. These facts imply that the leading behaviors
of entropy (85) is general form.
6 Summary and Conclusion




at thermal equilibrium with temperature T in the rotating black holes. In WKB approximation to
get the real nite free energy and entropy the systemmust be in the region I. As the system approaches




) the thermodynamic quantities become divergent. From this fact we conclude
that the divergence of the thermodynamic quantities including the entropy is related to the stationary
limit surface in the co-moving frame. In spherical symmetric black hole the stationary limit surface






the system can be approach the horizon. The
entropy for this case is linearly and logarithmically divergent as the ultraviolet cut-o goes to zero.
To remove such a divergence, in addition to the renormalization of the gravitational constant, we need
the renormalization of the curvature square term[21]. But after the renormalization the entropy does
not proportional to the area of the event horizon. If we use the proper distance cut-o the entropy is
proportional to the horizon area A
H
. But the cut-o depends on the coordinate .
Another particular point is that in the extremal black hole case we can not consider the brick wall
method of 't Hooft except for the case 0 < a < 1=2M in Kerr-Newman black hole.
Appendix
For the three rotating black holes the metrics, the surface gravities, , and the proper distances  are
given as follows:






















































  2r + a
2






















The physical massM , the charge Q, the angular momentum J , and the horizon are expressed by the




































































































  2r + a
2






















































sinh 2; j =
a
2

































































































































and e; a; andM are charge, angular momentum per unit mass, and mass of the spacetime respectively.

























































This work is partially supported by Korea Science and Engineering Foundation.
References
[1] J. Bekenstein, Phys. Rev. D 7, 2333 (1973); D 9, 3292 (1974).
[2] S.W. Hawking, Nature 248(1974) 30; Commun. Math. Phys. 43,199 (1975).
[3] G.W. Gibbons and S.W. Hawking, Phys. Rev. D 15, 2752 (1977).
[4] J.D. Bekenstein, Do we understand black hole entropy ?, gr-qc/9409015.
[5] G.'t Hooft, Nucl. Phys. B 256, 727 (1985).
[6] C.G. Callan and F. Wilczek, Phys. Lett. B 333, 55 (1994); D.Kabat and M.J. Strassler, Phys.
Lett. B 329, 46 (1994); L.Bombelli, R. Koul, J. Lee and R. Sorkin, Phys. Rev. D 34, 373 (1986);
M. Sredinicki, Phys. Rev. Lett. 71, 666 (1993).
[7] V. Frolov and I. Novikov, Phys. Rev. D 48, 4545 (1993).
[8] S. Solodukhin, The Conical Singularity and Quantum Corrections to BH Entropy. Dubna JINR
E@-94-246 (1994); D.V. Fursaev. mod. Phys. Lett. A 10, 649 (1995); J.S. Dowker, Class. Quan-
tum Grav. 11, L55 (1994).
[9] T. Padmanabhan, Phys. Lett. B 173 (1986) 43; J.G. Demers, R. Lafrance and R.C. Myers, Black
hole entropy without brick walls, gr-qc/9503003.
[10] L. Susskind and J. Uglum, Phys. Rev. D 50, 2700 (1994);
[11] J.L.F. Barbon, Phys. Rev. D 50, 2712 (1994).
18
[12] J.L.F. Barbon and R. Emparan, On Quantum Black Hole Entropy and Newton Constant Renor-
malization, hep-th/9502155.
[13] V.P. Frolov, Phys. Rev. Lett. 47, 3319 (1995).
[14] Min-Ho, Lee and J.K. Kim, The Entropy of a Quantum Field in a Charged Kerr Black Hole,
KAIST-CHEP-95/8, to be appear in Phys. Lett. A.
[15] V. Frolov, A.Zelnikov and U. Bleyer, Ann. Phys. (Leipzig) 44, 371 (1987).
[16] A. Sen, Phys. Rev. Lett. 69, 1006 (1992).
[17] E.T. Newman, E. Couch, K. Chinnapared, A. Exton, A. Prakash, and R. Torrence, J. Math.
Phys. 6 (1965) 918.
[18] N.D. Birrell and P.C.W. Davies, Quantum Fields in Curved Space (Cambridge University Press,
Cambridge, 1982).
[19] J. Letaw and J.D. Pfautsch, J. Math. Phys. 23, 425 (1982).
[20] R. Emparan, Heat Kernels and thermodynamics in Rindler space, hep-th/9407064; S.P. de Alwis
and N. Ohta, On the Entropy of Quantum Fields in Black Hole Backgrounds, hep-th/9412027;
A.O. Barvinsky, V.P. Frolov and A.I. Zelnikov, Phys. Rev. D 51 (1995) 1741.
[21] S.P. de Alwis and N Ohta, Phys. Rev. D52, 3529 (1995).
[22] M. R. Spiegel, Mathematical Handbook of Formulas and Tables, ( McGraw-Hill, New York, 1968).
[23] B. Schumacher, W.A. Mille, and W.H. Zurek, Phys. Rev. D 46 1416 (1992).
[24] R.M. Wald, General Relativity, (The University of Chicago Press, 1984).
[25] C.W. Misner, K.S. Thorne, and J.A. Wheeler, Gravitation, ( San Francisco; Freeman, 1973).
[26] V.P. Frolov and K.S. Thorne, Phys. Rev. D 39 (1989) 2125.
[27] T.Padmanabhan, Phys. Lett. A 136 (1989) 203;
[28] R.B. Mann, L. Tarasov, and A. Zelnikov, Class. Quantum Grav. 9 (1992) 1487.
[29] J.B. Hartle and S.W. Hawking, Phys. Rev. D 13 (1976) 2188












0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
v = 0.9, θ  = 0.5  pi
v = 0.9, θ  = 1/3  pi
v = 0.9, θ  = 1/6  pi
v = 0.5, θ  = 0.5  pi
v = 0.5, θ  = 1/3  pi



















0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Ω0  = 0.8  ΩH
Ω0  = 0.5  ΩH





Figure 2: The position of r
in
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Figure 6: The shape of the inner light of surface for the Kerr-Newman black hole. a = 0:8M; e = 0.
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